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REMARKS ON SYMPLECTIC SECTIONAL CURVATURE
DANIEL J. F. FOX
Abstract. In [11], I. M. Gelfand, V. Retakh, and M. Shubin defined the symplectic sectional
curvature of a torsion-free connection preserving a symplectic form. The present article defines
the corresponding notion of constant symplectic sectional curvature and characterizes this notion
in terms of the curvature tensor of the symplectic connection and its covariant derivatives. Some
relations between various more general conditions on the symplectic sectional curvature and the
geometry of the symplectic connection or that induced on a symplectic submanifold are explored
as well.
1. Introduction
Let (M,Ω) be a connected smooth symplectic manifold of dimension 2n ≥ 2, oriented by the
volume form Ωn. An affine connection on M is symplectic if it is torsion free and ∇Ω = 0.
Although the most accessible examples of symplectic connections are Levi-Civita connections of
Kähler, pseudo-Kähler, and para-Kähler metrics, even symplectic manifolds that admit no such
compatible metric structure admit symplectic connections, for every symplectic manifold admits
symplectic connections (see (2.1)). Traditionally, much of the interest in symplectic connections
has focused on their use in schemes of deformation quantization such as that of Fedosov [10], but
because they exist on any symplectic manifold, it is also interesting to study their geometry in the
spirit of classical metric differential geometry.
The basic identities for the curvature of a symplectic connection were probably first obtained by
I. Vaisman in [19], although there is information in earlier work of other authors, for example A.
Lichnerowicz’s [14] and [15]. Among the many available references some basic ones are [1], [10], and
[11], in addition to [19]. The survey [4] is a good starting point and contains further references.
The relation between the geometry determined by a symplectic connection ∇ and conditions on
quantities and tensors constructed from its curvature is incompletely understood. For example,
in [11], I. M. Gelfand, V. Retakh, and M. Shubin defined the symplectic sectional curvature of a
symplectic connection. Not much has been done with this notion, and its geometric content has
been little explored. This note defines the corresponding notion of constant symplectic sectional
curvature, characterizes it in terms of the curvature tensor of the symplectic connection and its
covariant derivatives, and describes some related constructions.
The symplectic sectional curvature of a symplectic 2-plane L is a quadratic form on L rather
than a number (see Section 4 for the definition), as in the metric setting. Theorem 4.1 shows
that the symplectic sectional curvature is determined entirely by the restriction of the Ricci tensor
exactly when the symplectic Weyl tensor vanishes. As a consequence, it is sensible to say that a
symplectic connection has constant symplectic sectional curvature if for every symplectic 2-plane
L it equals the restriction of the quadratic form determined by a parallel symmetric two tensor.
Corollary 4.1 shows that a symplectic connection has constant symplectic sectional curvature if and
only if its symplectic Weyl tensor vanishes and its Ricci tensor is parallel, in which case it is locally
symmetric. Corollary 4.2 shows that in this case the Ricci endomorphism (obtained by raising one
index of the Ricci tensor using the symplectic form) is parallel, and must be nilpotent of order two,
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complex, or paracomplex. These conclusions are closely related to and in part can be obtained from
those obtained for homogeneous symplectic connections in [7] and for symplectic symmetric spaces
(as defined by P. Bieliavsky in [2]) in [8], as is explained in more detail in Remark 3.1. The relation
between the symplectic sectional curvatures and the (para-)holomorphic sectional curvatures of a
pseudo-Kähler or para-Kähler structure is also discussed. The precise relation is given in Lemma
4.1, that has as a corollary the result of [11] that the symplectic sectional curvatures of a Kähler
metric cannot have indefinite signature. Corollary 4.3 shows that∇ has constant nonzero symplectic
sectional curvature if and only if it is a complex projective or complex hyperbolic space form.
The study of pseudo-Riemannian manifolds has in common with the study of symplectic con-
nections that the sectional curvature is defined only for nondegenerate subspaces. A Lorentzian
manifold of dimension at least 3 has constant sectional curvature if and only if it has vanishing
null sectional curvature (the definitions are recalled in Section 5). In Section 5 there is defined
for a symplectic connection a notion of vanishing isotropic sectional curvature analogous to the
notion of vanishing null sectional curvature, and Lemma 5.1 shows that on a symplectic manifold
of dimension at least 4 a symplectic connection has constant symplectic sectional curvature if and
only if it has vanishing isotropic sectional curvature.
In Section 6 there is computed the relation between the symplectic sectional curvature of a
symplectic connection and the symplectic sectional curvature of the symplectic connection induced
on a symplectic submanifold. The absence of the positivity provided by a Riemannian metric means
that the formulas obtained are not as obviously useful as their metric counterparts, for example, in
the Kähler setting. There is no obvious analogue of the mean curvature vector field, nor any other
tensor associated with a submanifold that is linear in the second fundamental form, other than
the form itself. However, the formula (6.8) for the symplectic sectional curvature of a symplectic
submanifold helps identify two tensors (defined in (6.9)) constructed from expressions quadratic
in the second fundamental form. Precisely, if Πij
A is the second fundamental form, these tensors
are the pure trace part Hij and the trace-free part Hijkl of Πik
AΠjl
BΩAB + Πil
AΠjk
BΩAB (see
Section 6 for the notational conventions used). It would be interesting to understand the geometric
meaning of the vanishing of Hij or Hijkl .
In the metric setting the distance and volume determined by the metric are linked to the curvature
via the formulas for their first and second variations. In particular, Jacobi fields are a basic tool.
In the symplectic setting it is difficult to link directly the curvature with genuinely geometric
quantities, but there is a more serious difficulty that is readily apparent when one tries to mimic
metric arguments using Jacobi fields. The symplectic curvature tensor is symmetric rather than
antisymmetric in two of its arguments, and this means that quantities that vanish in the metric
setting do not vanish in the symplectic setting. This apparently silly technical problem makes it
more difficult to control Jacobi fields. What little can be gleaned easily is recounted in Section
7. In Section 7 it is proved that any pair of points conjugate with respect to some geodesic of a
symplectic connection with nonpositive symplectic sectional curvature correspond to a Jacobi field
constrained to lie in the symplectic orthogonal complement of the space tangent to the geodesics.
That is, if there are conjugate points, they arise from coisotropic variations of geodesics. While this
is a weak conclusion to obtain from a seemingly strong hypothesis, it is not clear how to show more
solely utilizing unsophisticated arguments mimicking those used in studying Riemannian manifolds.
Section 8 records a criterion for a symplectic connection to have indefinite signature symplec-
tic sectional curvature and examples are given for certain left-invariant symplectic connections on
symplectic Lie groups. There is defined a canonical left-invariant symplectic connection on a sym-
plectic Lie group. It corresponds to one third the symplectically self-adjoint part of the adjoint
transformation (see (8.5)). Somewhat surprisingly this construction appears to be new, and it will
be studied further elsewhere. Here it is used to give an example of a symplectic Lie group for which
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the canonical symplectic connection has some symplectic sectional curvatures that are degenerate
but nonvanishing.
2. Preliminaries
Tensors are indicated using the abstract index notation (see, for example, [18] or [20]). Enclosure
of indices in square brackets or parentheses indicates complete skew-symmetrization or complete
symmetrization over tensor factors corresponding to the enclosed indices. Indices are in either up
position or down. For sections of tensor powers of a tangent bundle, up indices are interpreted as
contravariant and down indices as covariant tensors. For example, aij
k = a(ij)
k + a[ij]
k indicates
the decomposition of aij
k ∈ Γ(⊗2(T ∗M)⊗TM) into its symmetric and skew-symmetric parts. The
summation convention is always used in the following form: A label appearing as both an up index
and a down index indicates the trace pairing, that is, complete contraction with the tautological
tensor δi
j determined by the pairing of vectors with covectors. When an index is raised or lowered
using some auxiliary tensor, its horizontal position is maintained.
The antisymmetric bivector Ωij inverse to Ωij is defined by Ω
ipΩpj = −δj
i. Indices are raised
and lowered using Ωij and Ω
ij by contracting with these tensors consistently with the conventions
Xi = X
pΩpi and X
i = ΩipXp. Note that XpY
p = −XpYp, so that care must be taken with signs.
The curvature Rijk
l of a torsion-free affine connection ∇ is defined by 2∇[i∇j]X
k = Rijp
kXp
for a vector field X ∈ Γ(TM). The Ricci curvature of ∇ is defined to be Rij = Rpij
p.
If ∇¯ is any torsion-free affine connection on the symplectic manifold (M,Ω) then
∇ = ∇¯+ 23Ω
kp∇¯(iΩj)p(2.1)
is symplectic, so every symplectic manifold admits a symplectic connection. The affine space
S(M,Ω) of symplectic connections on (M,Ω) is modeled on the vector space Γ(S3(T ∗M)) of com-
pletely symmetric covariant three tensors, for the difference tensor Πij
k = ∇¯−∇ of torsion-free con-
nections satisfies Π[ij]
k = 0, and, if ∇¯,∇ ∈ S(M,Ω), together with −2Πi[jk] = ∇¯iΩjk −∇iΩjk = 0,
this implies Πijk = Π(ijk) .
3. Curvatures associated with a symplectic connection
The basic identities for the curvature of a symplectic connection are by now well known and
so no effort is made to attribute the derivation of specific identities. The reader is referred to the
references mentioned in the introduction and the survey [4] for background.
For ∇ ∈ S(M,Ω), since Ωn is ∇-parallel, the curvature −Rijp
p of the covariant derivative
induced by ∇ on ∧2nT ∗M vanishes. Consequently, ∇ has symmetric Ricci tensor, for, by the
traced algebraic Bianchi identity, 2R[ij] = −Rijp
p = 0. Define Rijkl = Rijk
pΩpl. By the Ricci
identity,
0 = 2∇[i∇j]Ωkl = −2Rij[kl].(3.1)
From (3.1) there follows
4Rijkl = 3Ri(jkl) − 3Rj(ikl),(3.2)
so that Ri(jkl) completely determines the curvature of ∇. In particular, Rijkl = 0 if and only
if Ri(jkl) = 0. (In the context of the Fedosov deformation quantization, the curvature appears
naturally in the form Ri(jkl) ; see [10].) The algebraic Bianchi identity and (3.1) yield
Rp
p
ij = −2Rip
p
j = 2Rpij
p = 2Rij .(3.3)
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From (3.3) it follows that every nontrivial trace ofRijkl is a constant multiple ofRij . The differential
Bianchi identity and (3.3) yield the contracted differential Bianchi identity
∇pRpijk =
1
2∇iRp
p
jk = ∇iRjk.(3.4)
Although there is no reasonable notion of scalar curvature for ∇ ∈ S(M,Ω), the curvature one-form
ρi, defined by ρi = ∇
pRip, is a direct generalization of the Hamiltonian vector field generated by
the scalar curvature of a Kähler metric, that provides, for a general symplectic connection, a useful
substitute for the scalar curvature. Precisely, for the Levi-Civita connection of a Kähler metric the
vector field metrically dual to ρi is the negative of the Hamiltonian vector field generated by the
scalar curvature. In particular, a Kähler metric has constant scalar curvature if and only if ρi = 0.
Skew-symmetrizing (3.4) in the indices ij shows that∇pRijk
p = −2∇[iRj]k. Hence, if∇pRijk
p =
0 then ∇[iRj]k = 0, and tracing this shows that in this case ρi = 0.
The symplectic Weyl tensor Wijkl of ∇ ∈ S(M,Ω) is defined to be the part
Wijkl = Rijkl −
1
n+1
(
Ωi(kRl)j − Ωj(kRl)i +ΩijRkl
)
.(3.5)
of Rijkl that vanishes when contracted with Ω
ij on any pair of indices. In [4] a connection with
Wijkl = 0 is said to be of Ricci type, because its curvature is completely determined by its Ricci
tensor. Here the alternative terminology Weyl flat is used to emphasize the formal parallel with
the conformal Weyl tensor of a metric connection. Note that
Wi(jkl) = Ri(jkl) −
2
n+1Ωi(jRkl).(3.6)
The identity (3.2) is valid for any tensor with the symmetries of the curvature tensor of a symplectic
connection. In particular, (3.2) is valid with Wijkl in place of Rijkl . It follows that ∇ is Weyl flat
if and only if Wi(jkl) = 0.
From (3.1)-(3.4) there follows
2(n+ 1)∇pWpijk = (2n+ 1)∇iRjk − 3∇(iRjk) +Ωi(jρk).(3.7)
The tensor −2∇pWi(jk)p = 3(∇
pWpijk−∇
pWp(ijk)) is symmetric in jk and vanishes under complete
symmetrization. From (3.7) there follow
(n+ 1)∇pWp(ijk) = (n− 1)∇(iRjk),
2(n+ 1)∇pWijkp = −2(2n+ 1)∇[iRj]k − Ωijρk +Ωk[iρj].
(3.8)
In [6], ∇ ∈ S(M,Ω) is called preferred if∇(iRjk) = 0 (see also [4]). By (3.8), a symplectic connection
on a symplectic manifold of dimension at least 4 is preferred if and only if ∇pWp(ijk) = 0. Call
∇ ∈ S(M,Ω) symplectically flat if it is Weyl flat and preferred. Since here 2n > 2, by (3.8), Weyl
flat implies symplectically flat, while if 2n = 2, the Weyl flat condition is vacuous. The definition
is made by analogy with the definitions of projectively flat or conformally flat. In every case the
contracted differential Bianchi identity yields an identity like (3.8), which is vacuous in the lowest
dimensional case, and in this lowest dimensional regime the definition has to be the vanishing of
the part of the covariant derivative of the Ricci tensor appearing in (3.8).
Contracting (3.5) with the Ricci tensor yields
RpqWpijq = R
pqRpijq +
1
n+1RipRj
p + 12(n+1)R
pqRpqΩij .(3.9)
Simplifying ∇iρj using (3.9) yields
∇iρj = 2∇
p∇iRjp + 2R
pqRpijq + 2RipRj
p,
= 2∇p∇iRjp + 2R
pqWpijq +
2n
n+1
(
RipRj
p − 12nR
pqRpqΩij
)
.
(3.10)
Let (g, J,Ω) be a pseudo-Kähler or para-Kähler structure. This means that Ωij is a symplectic
form; Ji
j is a field of integrable endomorphisms of the tangent bundle satisfying Jp
jJi
p = ǫδi
j ,
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where ǫ = −1 in the pseudo-Kähler case, and ǫ = 1 in the para-Kähler case; gij is a pseudo-
Riemannian metric, having necessarily split signature in the para-Kähler case; and Ji
pgpj = Ωij .
(The qualifier pseudo means that the metric need not be Riemannian, although it could be.) Such
a structure (g, J,Ω) has constant (para-)holomorphic sectional curvature 4c if the curvature Rijkl =
Rijk
pΩpl of the Levi-Civita connection D of gij , which is symplectic, satisfies
Rijkl = 2c
(
Ωl[jgi]k − gl[iΩj]k +Ωijgkl
)
= 2c
(
Ωi(kgl)j − Ωj(kgl)i +Ωijgkl
)
.(3.11)
(The second equality in (3.11) is always true). When comparing (3.11) with formulas found in other
sources, it should be kept in mind that indices are raised and lowered using the symplectic form
Ωij and not the metric gij .
Lemma 3.1. Let D be the Levi-Civita connection of a pseudo-Kähler or para-Kähler structure
(g, J,Ω) on a symplectic manifold of dimension 2n > 2. Then:
(1) D has metrically trace-free symplectic Weyl tensor if and only if g is Einstein.
(2) D has vanishing symplectic Weyl tensor if and only if it has constant (para-)holomorphic
sectional curvature.
Proof. By (3.11),
Rijk
pgpl =Wijk
pgpl +
1
n+1
(
gl[iRj]k + ǫΩk[iRj]pJl
p − ǫΩijRkpJl
p
)
.(3.12)
Contracting this with gjk and simplifying the result yields
gabWiab
pgpj =
n
n+1 (Rij −
1
2nRggij),(3.13)
where Rg = g
ijRij is the (metric) scalar curvature of g. From (3.13) and W[ijk]l = 0 it follows that
Wijk
l is metrically trace-free if and only if g is Einstein. If D has constant (para-)holomorphic
sectional curvature, then tracing (3.11) shows that Rij = 2(n + 1)cgij, and substituting this into
(3.11) and comparing with (3.5) shows that Wijkl = 0. If D satisfies Wijkl = 0, then by (3.13), g is
Einstein with 2nRij = Rggij . Since the scalar curvature of an Einstein pseudo-Riemannian metric
is constant, substituting this into (3.5) yields (3.11) with Rg = 4n(n+ 1)c. 
An endomorphism Ai
j of the tangent bundle of (M,Ω) is infinitesimally symplectic, meaning
2A[ij] = Ai
pΩpj +Aj
pΩip = 0, if and only if the associated tensor Aij = Ai
pΩpj is symmetric.
Lemma 3.2. Let (M,Ω) be a 2n-dimensional symplectic manifold. For a symplectically flat con-
nection ∇ ∈ S(M,Ω), the following are equivalent:
(1) The curvature one-form vanishes.
(2) The Ricci tensor is parallel.
(3) ∇ is locally symmetric.
In the case there hold (1)-(3), the Ricci endomorphism Ri
j satisfies
Rj
pRp
i = −rδj
i,(3.14)
where 2nr = RpqR
pq is constant. Moreover:
(i) If r > 0, then Ji
j = |r|−1/2Ri
j is a complex structure forming with Ωij a constant holo-
morphic sectional curvature pseudo-Kähler structure with associated pseudo-Riemannian
metric −|r|−1/2Rij and Levi-Civita connection ∇.
(ii) If r < 0, then Ji
j = |r|−1/2Ri
j is a paracomplex structure forming with Ωij a constant para-
holomorphic sectional curvature para-Kähler structure with associated pseudo-Riemannian
metric |r|−1/2Rij and Levi-Civita connection ∇.
(iii) If r = 0 there holds one of the following:
(a) The Ricci curvature Rij is identically zero and ∇ is a flat affine connection.
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(b) The Ricci endomorphism Ri
j is preserved by ∇, is infinitesimally symplectic, and
is two-step nilpotent. Its kernel equals the symplectic annihilator of its image, and
its image and kernel are totally geodesic integrable subbundles of TM . Moreover the
induced connections on these integrable subbundles are flat.
The equivalence of (1) and (3) in Lemma 3.2 is the corollary to Lemma 1 in [7]. As is explained
in Remark 3.1 following the proof, Lemma 3.2 can also be deduced from Theorem 2 of [8].
Proof. By (3.7) and (3.8), that Wijkl = 0 implies (2n + 1)∇iRjk = −Ωi(jρk) (this is Lemma 1 of
[7]). It follows that Rij is parallel if ρi = 0 (the converse is true by definition of ρi). From the
contracted differential Bianchi identity (3.4) it follows that if ∇ is locally symmetric, then the Ricci
tensor is parallel. On the other hand, differentiating (3.5) shows that if Wijkl = 0 and the Ricci
tensor is parallel, then ∇ is locally symmetric. In the case there holds these equivalent conditions,
equation (3.10) implies (3.14). Since Rij is parallel, 2nr = RpqR
pq is constant. If r 6= 0, then (3.14)
implies Ri
j is invertible, so that Rij is nondegenerate. The claims when r 6= 0 follow from (3.14),
the observation that a parallel endomorphism has vanishing Nijenhuis tensor, and the conclusion of
Lemma 3.1 that the Levi-Civita connection D of a pseudo-Kähler or para-Kähler structure (g, J,Ω)
on a symplectic manifold of dimension 2n > 2 has vanishing symplectic Weyl tensor if and only if
it has constant (para-)holomorphic sectional curvature.
Suppose r = 0. Temporarily write Ai
j = Ri
j for the Ricci endomorphism. That kerA = (imA)⊥
follows from the fact that A is infinitesimally symplectic (equivalent to the symmetry of Rij)
and the relation A ◦ A = 0 (this conclusion was observed in section 4.3 of [7]). Since ∇A = 0,
∇X(AY ) = A(∇XY ) for all X,Y ∈ Γ(TM), from which it follows that imA and kerA are totally
geodesic. Because [X,Y ] = ∇XY − ∇YX , these subbundles are also integrable. It follows from
(3.5) that the connections induced on these subbundles are flat. 
Remark 3.1. The conclusions of Lemma 3.2 are very similar to those of Theorem 2 of [8], where
they are deduced for symplectic symmetric spaces as defined by P. Bieliavsky in his thesis [2] (see
also [3] or [5]). A symmetric symplectic space is a symplectic manifold (M,Ω) with a symmetric
space structure such that for every p ∈ M the symmetry involution sp is a symplectomorphism.
In [3] it is proved that on a symmetric symplectic space there is a canonical symplectic connection
∇ that makes M an affine symmetric space and such that the automorphisms of the symmetric
symplectic space are exactly the automorphisms of ∇ that are also symplectomorphisms. To deduce
Lemma 3.2 from Theorem 2 of [8] it suffices to show that an affine symmetric space that admits a
symplectic form preserved by the affine connection is necessarily a symmetric symplectic space. This
amounts to showing that in this case the symmetry involutions are necessarily symplectomorphisms.
This can be shown in the same way as the analogous fact for Riemannian symmetric spaces, as in
Section 6 of Chapter XI of [13]:
Lemma 3.3. Let (M,Ω) be a symplectic manifold. Suppose that a symplectic connection ∇ ∈
S(M,Ω) is affine locally symmetric. Then for each p ∈M the symmetry sp is a symplectomorphism.
Proof. First, it will be shown that if a diffeomorphism φ of a symplectic manifold (M,Ω) is an
automorphism of a symplectic connection ∇ ∈ S(M,Ω) and there is a point p ∈ M such that
φ∗(Ω)p = Ωp, then φ is a symplectomorphism. Let q ∈ M and let σ be a curve in M from q to p.
Let P and P ′ be the operators of parallel transport along σ and σ′ = f(σ). For X,Y ∈ TqM ,
Ωf(q)(TF (q)(X), TF (q)(Y )) = Ωf(p)(P
′Tf(q)(X), P ′Tf(q)(Y ))
= Ωf(p)(Tf(p)(PX), T f(p)(PY )) = f
∗(Ω)p(PX,PY ) = Ωp(PX,PY ) = Ωq(X,Y ),
(3.15)
showing that f∗(Ω) = Ω. As a consequence of this claim, if ∇ is affine locally symmetric and
preserves Ω, then every symmetry involution sp preserves Ω (because Tsp(p) = −Id, so preserves
Ω), and so ∇ and Ω determine a structure of a locally symmetric symplectic space. 
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4. Symplectic sectional curvature
Let Gr(2, TM) be the bundle overM the fibers of which are the Grassmannians of two-dimensional
subspaces of TM . A field of two-dimensional subspaces L ⊂ Gr(2, TM) is symplectic if the restric-
tion of Ωij to L is nondegenerate. Let SGr(2, TM) ⊂ Gr(2, TM) be the open subset the fibers of
which comprise symplectic subspaces.
Let ∇ ∈ S(M,Ω). Because Rijkl is symmetric in k and l it makes sense to consider the map
Γ(∧2(TM)) → Γ(S2(T ∗M)) defined by ωij → ωijRijkl . Identify ωijRijkl with the quadratic form
Qω(Z) = ω
ijRijklZ
kZ l. A bivector ωij ∈ Γ(∧2(TM)) is symplectic if ωijΩij 6= 0. An analogue
of the sectional curvature of a Riemannian metric is obtained by considering Qω for decomposable
symplectic bivectors X ∧Y . Specifically, given p ∈M and a symplectic subspace L ∈ SGr(2, TpM),
the quadratic form Kp,L defined by
Kp,L(Z) =
X iY jZkZ lRijkl
X iY jΩij
,(4.1)
for any decomposable symplectic bivector 2X [iY j] spanning L and any Z ∈ TpM , does not depend
on the choice of X and Y . It is the symplectic curvature quadratic form of L. The symplectic
sectional curvature of L ∈ SGr(2, TpM) means the quadratic form on L obtained by restricting
Kp,L to L. This notion was proposed by I. M. Gelfand, V. Retakh, and M. Shubin in [11]. The
possibilities at p are described by the SL(2,R) orbits on the space of quadratic forms on R2. The
nontrivial possibilities are: definite, with a repeated eigenvalue; indefinite with additively inverse
eigenvalues; and degenerate with single eigenvalue ±1.
The symplectic connection∇ has positive (resp. negative, nonnegative, etc.) symplectic sectional
curvature if for every p ∈ M and every L ∈ SGr(TpM) the restriction to L of the quadratic form
Kp,L is positive definite (resp. negative definite, nonnegative definite, etc.).
For a pseudo-Kähler or para-Kähler metric (g, J,Ω) with Ji
pJp
j = ǫδi
j , the (para-)holomorphic
sectional curvature at p ∈ M of the span L ⊂ TpM of a nonnull vector X ∈ TpM and its image
JX is defined to be
Hp,L =
g(R(JX,X)X,JX)
g(X,X)g(JX,JX)−g(X,JX)2 = −ǫ
g(R(JX,X)X,JX)
g(X,X)2 = −ǫ
Ω(R(JX,X)X,X)
g(X,X)2 .(4.2)
The definition (4.2) agrees with the previously made definition of constant (para-)holomorphic
sectional curvature; if the curvature has the form (3.11) then the expression (4.2) evaluates to 4c.
Lemma 4.1 extends the observation of Remark 3.13 of [11], that a symplectic sectional curvature
of a Kähler metric is either definite or identically zero.
Lemma 4.1. For a pseudo-Kähler or para-Kähler structure (g, J,Ω) with Ji
pJp
j = ǫδi
j, the
symplectic sectional curvature of the span L of a nonnull vector X and its image JX equals the
(para-)holomorphic sectional curvature of L multiplied by the restriction to L of g. Precisely,
Kp,L(Y ) = g(Y, Y )Hp,L(4.3)
for Y contained in L.
Proof. There holds Ω(R(X, JX)Y, Y ) = −g(R(X, JX)Y, JY ). The symplectic sectional curvature
of the symplectic subspace spanned by X and JX is simply the product of the (para-)holomorphic
sectional curvature of the span of X and JX with the quadratic form on span{X, JX} determined
by g. To make this precise, define
s(θ) =
{
sin θ if ǫ = −1,
sinh θ if ǫ = 1
, c(θ) =
{
cos θ if ǫ = −1,
cosh θ if ǫ = 1
(4.4)
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If Y = r(c(θ)X + s(θ)JX) then g(Y, Y ) = r2(c(θ)2 − ǫs(θ)2)g(X,X) = r2g(X,X), and
Ω(R(X, JX)Y, Y ) = r2g(R(JX,X)X, JX),(4.5)
where there has been used R(X, JX)JX = JR(X, JX)X . Dividing (4.5) by Ω(X, JX) and com-
paring the result with (4.2) yields (4.3). 
One consequence of Lemma 4.1 is the conclusion of Remark 3.13 of [11], that the symplectic
sectional curvatures of the Levi-Civita connection of a Kähler metric either have definite signature
or are identically zero.
The identity (4.5) shows that the symplectic sectional curvatures carry at least as much informa-
tion as do the holomorphic sectional curvatures. In particular, if the symplectic sectional curvatures
of a Kähler form are positive or negative, the same is true of its holomorphic sectional curvatures.
Theorem 4.1 shows the relation between the notion of symplectic sectional curvature and the
symplectic Weyl tensor.
Theorem 4.1. On a 2n-dimensional symplectic manifold (M,Ω) a symplectic connection ∇ ∈
S(M,Ω) is Weyl flat if and only if there is a symmetric covariant two tensor Aij = A(ij) such that
for every p ∈ M and every two-dimensional symplectic subspace L ⊂ TpM there holds Kp,L(Z) =
4A(Z,Z) whenever Z ∈ L. Moreover, if this is the case, then in fact 2(n+ 1)Aij = Rij.
Proof. The projection PL : Γ(TM) → Γ(TM) onto the two-dimensional symplectic subspace L
along its symplectic complement L⊥ is given in terms of any vector fields X and Y spanning L by
PL(Z) = Ω(X,Y )
−1 (Ω(Z, Y )X − Ω(Z,X)Y ) .(4.6)
If ∇ is Weyl flat then, writing Rij = 2(n+ 1)Aij , for any L ∈ SGr(2, TM) and Z ∈ Γ(TM), there
holds KL(Z) = 2A(Z + PL(Z), Z), by (4.1). It follows that if Z is in the symplectic complement
L⊥ then KL(Z) = 2A(Z,Z), while if Z is in L then KX,Y (Z) = 4A(Z,Z).
Now suppose that for any L ∈ SGr(2, TM) there holds KL(Z) = 4A(Z,Z) whenever Z ∈ L.
Then, by the definition (4.1), there holds
Ω(R(Y,X)X,X) = −4A(X,X)Ω(X,Y )(4.7)
whenever Ω(X,Y ) 6= 0. Fix X and choose U ∈ Γ(TM) such that Ω(X,U) = 1. Then any vector Y
has the form Y = fU +B for some B such that Ω(X,B) = 0 and some function f . Applying (4.7)
as is, and with U in place of Y , yields Ω(R(B,X)X,X) = 0. Hence (4.7) holds for all Y . Since X
is arbitrary this shows Ri(jkl) = −4A(jkΩl)i. By (3.1) there holds 4Rijkl = 3Ri(jkl) − 3Rj(ikl) for
any symplectic connection. Hence,
Rijkl =
3
4
(
Ri(jkl) − 3Rj(ikl)
)
= 2
(
Ωi(kAl)j − Ωj(kAl)i +ΩijAkl
)
.(4.8)
Tracing (4.8) shows Rij = 2(n+ 1)Aij , and, substituted into (4.8), this shows ∇ is Weyl flat. 
Because of Theorem 4.1, it makes sense to say that∇ ∈ S(M,Ω) has constant symplectic sectional
curvature if there is a parallel symmetric covariant 2-tensor Aij = A(ij) such that for all p and all
L ∈ SGr(2, TpM), the quadratic form Kp,L is equal to the restriction to L of the quadratic form
determined by Aij .
Corollary 4.1. A symplectic connection ∇ has constant symplectic sectional curvature if and only
if it is Weyl flat with parallel Ricci tensor, in which case it is locally symmetric.
Proof. By Theorem 4.1, a symplectic connection with constant symplectic sectional curvatures is
Weyl flat, and its Ricci tensor is parallel, so is locally symmetric by Lemma 3.2. 
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Formula (4.8) shows that a Kähler manifold of constant holomorphic sectional curvature 4c has
constant symplectic sectional curvature 4cg. In general, the differences with the Kähler case are
that Aij need not be nondegenerate, and Ai
j need not be a complex structure. However, together
Lemma 3.2 and Corollary 4.1 imply the following.
Corollary 4.2. On the 2n-dimensional symplectic manifold (M,Ω), the connection ∇ ∈ S(M,Ω)
has constant symplectic sectional curvature if and only if one of the following mutually exclusive
possibilities occurs, where 2nr = RpqR
pq:
(1) r = 0 and Ri
j is a parallel integrable nilpotent endomorphism of square zero.
(2) r > 0 and either of ±|r|−1/2Ri
j is a complex structure forming with Ω a constant homolo-
morphic sectional curvature pseudo-Kähler structure with Levi-Civita connection ∇.
(3) r < 0 and either of ±|r|−1/2Ri
j is a paracomplex structure forming with Ωij a constant
paraholomorphic sectional curvature para-Kähler structure with Levi-Civita connection ∇.
Corollary 4.3. Let (M,Ω) be a 2n-dimensional symplectic manifold and let ∇ ∈ S(M,Ω).
(1) If either M is compact or ∇ is complete, then ∇ has constant positive symplectic sectional
curvature if and only if M is complex projective space and ∇ is the Levi-Civita connection
of the Fubini-Study metric.
(2) ∇ has constant negative symplectic sectional curvature if and only if ∇ is the Levi-Civita
connection of a complex hyperbolic metric.
Proof. If∇ has constant symplectic sectional curvature which is definite, then either Rij or−Rij is a
Riemannian metric with Levi-Civita connection ∇. Since 2nr = RpqRpq = RabRpqΩ
apΩaq is simply
the norm of the bivector Ωij in this metric, in either case r is a positive constant. By Lemma 3.2,
one of ±|r|−1/2Ri
j is a complex structure forming with Ωij a Kähler structure which by Lemma 4.1
has constant holomorphic sectional curvature of the same sign as the symplectic sectional curvature
of ∇. The Levi-Civita connections of homothetic metrics are the same, so ∇ is the Levi-Civita
connection of a Kähler metric of constant holomorphic sectional curvature ±4. In the positive case,
if ∇ is assumed complete, then, by the Myers Theorem, it must in fact be compact, and then,
by the Synge Theorem, it is simply-connected. The only simply-connected manifold admitting a
metric of constant positive holomorphic sectional curvature is complex projective space. On the
other hand, that the Fubini-Study metric has the stated properties is clear. 
5. Isotropic sectional curvature
Compared with the Riemannian setting, one of the difficulties in working with symplectic sec-
tional curvature is the existence of isotropic subspaces, so it is reasonable to look for analogues with
the sectional curvature of indefinite signature metrics, which also admit isotropic subspaces.
A Lorentzian metric g with curvature tensor R on a manifold M is said to have vanishing null
sectional curvature at p ∈ M if g(R(X,Y )X,Y ) = 0 for all vectors X,Y ∈ TpM spanning a g-null
subspace. It is known that a Lorentzian metric on a manifold of dimension at least 3 has vanishing
null sectional curvature at every point if and only if it has constant sectional curvature (where
sectional curvatures of a Lorentzian metric are defined only for nondegenerate subspaces). See, for
example, Proposition 8.28 of [16].
The analogy with the Lorentzian situation motivates the following definition and Lemma 5.1.
Let (M,Ω) be a 2n-dimensional symplectic manifold. A symplectic connection ∇ ∈ S(M,Ω) has
vanishing isotropic sectional curvature at p ∈M if Ω(R(X,Y )Y, Y ) = 0 for all vectors X,Y ∈ TpM
spanning an isotropic subspace of TpM , that is, such that Ω(X,Y ) = 0.
Lemma 5.1. Let (M,Ω) be a symplectic manifold of dimension 2n ≥ 4. A symplectic connection
∇ ∈ S(M,Ω) has constant symplectic sectional curvature if and only if it has vanishing isotropic
sectional curvature at every point of M .
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Proof. If∇ has constant symplectic sectional curvature, then by Corollary 4.1 there holdsWijkl = 0.
Consequently if ΩijX
iY j = 0, by (3.6) there holds
RijklX
iY jY kY l = (Wijkl +
2
n+1ΩijRkl)X
iY jY kY l = 0,(5.1)
showing that ∇ has vanishing isotropic sectional curvature.
Suppose that ∇ has vanishing isotropic sectional curvature. Then
WijklX
iY jY kY l = (Rijkl −
2
n+1ΩijRkl)X
iY jY kY l = RijklX
iY jY kY l = 0(5.2)
for all X and Y such that X iY jΩij . Fix a symplectic vector space (V,Ω) of dimension 2n ≥ 4. The
vector space
W = W(V,Ω) = {Aijkl ∈ ⊗
4
V
∗ : Aijkl = Ai(jkl) , A(ij)kl = 0, Ap
p
kl = 0}(5.3)
is an irreducible Sp(V,Ω)-module, where Sp(V,Ω) is the group of linear symplectic automorphisms
of (V,Ω). The subspace
Z = {Aijkl ∈W : AijklX
iY jY kY l = 0 for all X and Y such that X iY jΩij = 0}(5.4)
is Sp(V,Ω) invariant, so must equal either {0} or W. Since 2n ≥ 4, there exist X,Y, U, V ∈ V
such that Ω(X,Y ) = 0, Ω(U,X) = 1, Ω(U, Y ) = 0, Ω(V,X) = 0, Ω(V, Y ) = 0, and Ω(U, V ) = 0
(so {X,Y, U, V } is a symplectic basis of its span). Then Aijkl = XiYjYkYl − YiXjXkXl ∈ W. As
AijklU
iV jV kV l = 1, Aijkl /∈ Z. Thus Z is a proper subspace of W, so Z = {0}. Since Wijkl
is contained in Z(TpM,Ω) for every p ∈ M , it follows that Wijkl = 0. By Corollary 4.1, ∇ has
constant symplectic sectional curvature. 
Via the analogy with Lorentzian metrics, Lemma 5.1 provides evidence that the proposed notion
of constant symplectic sectional curvature is reasonable.
6. Symplectic sectional curvature of a symplectic submanifold
The differential Tφ of a smooth map φ : N → M between the smooth manifolds N and M can
be viewed as a section of the tensor product T ∗N ⊗ φ∗TM of the cotangent bundle of N and the
pullback φ∗(TM)→ N of the tangent bundle TM via φ. A torsion-free affine connection ∇ on M
induces a connection on the pullback bundle φ∗TM . If ∇¯ is a torsion-free connection on N , then
the product connection induced on the tensor product of any tensor power of TN and T ∗N with
φ∗TM is the connection denoted D and defined by D(α⊗ s) = ∇¯α⊗ s+α⊗∇s where α is a tensor
on N and s is a section of φ∗TM . The second fundamental form Π of the smooth map φ : N →M
with respect to connections ∇ and ∇¯ is defined to be the differential Π = DTφ. By definition, for
vector fields X and Y on N ,
Π(X,Y ) = DXTφ(Y ) = ∇XTφ(Y )− Tφ(∇¯XY ),(6.1)
where the right-hand side is interpreted rigorously in terms of extensions of Tφ(X) and Tφ(Y )
defined near φ(N). Since ∇ and ∇¯ are torsion-free, DXTφ(Y ) − DY Tφ(X) = [Tφ(X), Tφ(Y )] −
Tφ([X,Y ]) = 0, so Π is symmetric.
Lowercase Latin indices label sections of tensor powers of TN and its dual and uppercase Latin
indices label sections of tensor powers of φ∗TM and its dual. With these conventions, the differential
Tφ : TM → TN , viewed as a section of T ∗M ⊗φ∗TM , is written φi
A, and the second fundamental
form of φ with respect to ∇ and ∇¯ is written Πij
A.
Let (M,Ω) be a 2n-dimensional symplectic manifold. A smooth map φ : N →M is symplectic if
φ∗(Ω) is a symplectic form onN ; in this case φ is necessarily an immersion andN is necessarily even-
dimensional. Let φ∗(TN) be the subbundle of φ
∗TM the fiber over p ∈ N of which is Tφ(p)(TpN).
The bundle φ∗TM splits as the fiberwise direct sum φ∗TM = φ∗(TN)⊕φ∗(TN)
⊥ where the vector
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bundle φ∗(TN)
⊥ is the fiberwise orthogonal complement of φ∗(TN) in φ
∗TM with respect to the
symplectic form, also denoted Ω, induced on φ∗TM by Ω.
Consider a symplectic manifold (M,Ω), a smooth manifold N , a symplectic connection ∇ ∈
S(M,Ω), a torsion-free affine connection ∇¯ on N , and a smooth map φ : N → M with second
fundamental form Πij
A with respect to ∇ and ∇¯. By (6.1), for any Qi1,...,ik ∈ Γ(⊗
kT ∗M),
∇¯iφ
∗(Q)j1...jk − φ
∗(∇Q)ij1...jk
=
k∑
s=1
Πijs
Aφj1
B1 . . . φjs−1
Bs−1φjs+1
Bs+1 . . . φjk
BkQB1...Bs−1ABs+1...Bk .
(6.2)
Define a section Υ of S2(T ∗N) ⊗ T ∗N by Υ(X,Y, Z) = Ω(Π(X,Y ), Tφ(Z)). That is, Υijk =
Πij
Aφk
BΩAB. By (6.2),
∇¯iφ
∗(Ω)jk = Πij
Aφk
BΩAB −Πik
Aφj
BΩAB = 2Υi[jk],(6.3)
so ∇¯ preserves φ∗(Ω) if and only if Υijk = Πij
Aφk
BΩAB is completely symmetric. If φ is moreover
a symplectic immersion, the connection ∇¯ induced on N by ∇ ∈ S(M,Ω) and φ is defined by
requiring that Tφ(∇¯XY ) be the symplectic orthogonal projection on φ∗(TN) of ∇XTΦ(Y ). It is
easily checked that ∇¯ is torsion-free. It follows from the definition of the induced connection ∇¯ that
the second fundamental form of φ with respect to ∇ and ∇¯ is the symplectic orthogonal projection
on φ∗(TN)
⊥ of ∇XTΦ(Y ) and so satisfies Υijk = Πij
Aφk
BΩAB = 0. It follows from (6.3) that
the induced connection ∇¯ preserves φ∗(Ω), so is an element of S(N,φ∗(Ω)).
Let φ : N → (M,Ω) be a symplectic immersion. Let ∇ ∈ S(M,Ω) and let ∇¯ be a torsion-free
affine connection on N . Let Π be the second fundamental form of φ with respect to ∇ and ∇¯.
For vector fields X and Y on N let R(X,Y ) be the curvature of the connection ∇ induced on
φ∗TM and let R¯(X,Y ) be the curvature of ∇¯. Note that while ∇ is used to indicate both the
given symplectic connection on M and the induced connection on φ∗TM , the curvatures of these
connections are distinguished as R( · , · ) and R( · , · ), as they are sections of different bundles.
Precisely, R(X,Y ) = R(Tφ(X), Tφ(Y )), or, equivalently, RijA
B = φi
Cφj
DRCDA
B.
For vector fields X , Y , and Z on N , straightforward calculation shows
R(X,Y )Tφ(Z) = Tφ(R¯(X,Y )Z) +∇XΠ(Y, Z)−∇YΠ(X,Z)
+ Π(X, ∇¯Y Z)−Π(Y, ∇¯XZ)−Π([X,Y ], Z)
= Tφ(R¯(X,Y )Z) + (DXΠ)(Y, Z)− (DYΠ)(X,Z),
(6.4)
where DΠ is the covariant derivative of Π viewed as a section of S2(T ∗N)⊗ φ∗TM . Alternatively,
and more compactly,
RijB
Aφk
B = R¯ijk
pφp
A + 2D[iΠj]k
A.(6.5)
For X , Y , Z, and U tangent to N , it follows from (6.4) that
Ω(R(X,Y )Tφ(Z), Tφ(U))
= Ω(Tφ(R¯(X,Y )Z), Tφ(U)) + Ω(∇XΠ(Y, Z)−∇Y Π(X,Z), Tφ(U))
+ Ω(Π(X, ∇¯Y Z)−Π(Y, ∇¯XZ)−Π([X,Y ], Z), Tφ(U))
= Ω(Tφ(R¯(X,Y )Z), Tφ(U))− Ω(Π(Y, Z),Π(X,U)) + Ω(Π(X,Z),Π(Y, U))
+XΥ(Y, Z, U)−Υ(Y, Z, ∇¯XU)− YΥ(X,Z,U) + Υ(X,Z, ∇¯Y U)
+ Υ(X, ∇¯Y Z,U)−Υ(Y, ∇¯XZ,U)−Υ(∇¯XY − ∇¯YX,Z,U)
= φ∗(Ω)(R¯(X,Y )Z,U)− Ω(Π(Y, Z),Π(X,U)) + Ω(Π(X,Z),Π(Y, U))
+ (∇¯XΥ)(Y, Z, U)− (∇¯YΥ)(X,Z,U).
(6.6)
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Alternatively, writing RijAB = RijA
CΩCA,
RijABφk
Aφl
B = R¯ijk
pφp
Aφl
BΩAB + 2Πk[i
AΠj]l
BΩAB + 2∇¯[iΥj]kl.(6.7)
Lemma 6.1. Let (M,Ω) be a symplectic manifold and let φ : N →M be a smooth symplectic map.
Let ∇¯ ∈ S(N,φ∗(Ω)) be the symplectic connection on N by ∇ ∈ S(M,Ω). For a symplectic subspace
L ⊂ TpN , the symplectic sectional curvatures K
N,∇¯
p,L and K
M,∇
φ(p),Tφ(p)(L) are related by
K
M,∇
φ(p),TΦ(p)(L)(Tφ(p)(Z)) = K
N,∇¯
p,L (Z) +
2Ω(Π(X,Z),Π(Y, Z))
φ∗(Ω)(X,Y )
(6.8)
where X and Y span L and Z ∈ L.
Proof. Since ∇¯ is the induced connection, Υ vanishes identically, and the identity (6.8) follows from
(6.6) upon dividing by φ∗(Ω)(X,Y ). 
Many notions from the pseudo-Riemannian geometry of submanifolds, such as the mean curva-
ture vector or totally umbilic submanifolds, have no obvious analogues in the context of symplectic
connections. On the other hand, at the purely tensorial level, potentially interesting conditions
on submanifolds can be identified in terms of conditions on the second fundamental form. Such
conditions arise most naturally by decomposing by symmetries and traces the second fundamental
form and tensors constructed from it. For instance the mean curvature vector is the trace of the
second fundamental form with respect to the induced metric, and a submanifold is totally umbilic
if its second fundamental form is the tensor product of the induced metric with a vector field.
Although, neither condition has an obvious analogue in the symplectic setting, the identity (6.8)
suggests imposing similar conditions on certain tensors constructed from the induced symplectic
form and quadratic in the second fundamental form.
Given a symplectic immersion N → (M,Ω) and ∇ ∈ S(M,Ω), let ωij be the bivector inverse to
ωij = φ
∗(Ω)ij on TN and define tensors Hijkl , Hij , and Πijkl by
Πijkl = 2Πi(k
AΠl)j
BΩAB, Hij = ω
abΩABΠia
AΠjb
B,
Hijkl = Πijkl −
1
k+1
(
ωi(kHl)j − ωj(kHl)i + ωijHkl
)
,
(6.9)
where N has dimension 2k and Π is the second fundamental form of φ with respect to ∇ ∈ S(M,Ω)
and the induced symplectic connection ∇¯ ∈ S(N,ω). Then Hij is symmetric and Πijkl = Π[ij]kl =
Πij(kl) , Π[ijk]l = 0, ω
pqΠpijq = Hij , and ω
pqΠpqij = 2Hij , so Πijkl and Hijkl have the symmetries
of a symplectic curvature tensor, and Hijkl is the completely trace-free part of Πijkl. In particular,
if N has dimension 2 then Hijkl = 0.
If X and Y span L and Z ∈ L then Ω(X,Y )Z = Ω(X,Z)Y −Ω(Y, Z)X , so (6.8) can be rewritten
as
K
M,∇
Tφ(L)(Tφ(Z)) = K
N,∇¯
L (Z) + 2ΠijklX
iY jZkZ l
= KN,∇¯L (Z) + 2HijklX
iY jZkZ l + 4k+1HijZ
iZj .
(6.10)
(The dependence on the basepoint p ∈M is omitted for readability.)
From the point of view of tensor algebra it is natural to consider the conditions Hijkl = 0 and
Hij = 0 on a symplectic submanifold. In the metric setting there are other considerations that
motivate giving attention to conditions such as the vanishing of the mean curvature, namely that
this condition characterizes the critical points of the volume functional on submanifolds. While
similarly geometric motivations for considering conditions such as Hijkl = 0 or Hij = 0 remain to
be found, these seem to be among the simplest conditions of geometric origin that can be imposed
on a symplectic submanifold of a manifold with symplectic connection. Other conditions that can
be considered include requiring Hij to be definite or semidefinite.
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Lemma 6.2. Let (M,Ω) be a 2n-dimensional symplectic manifold and let φ : N →M be a smooth
symplectic immersion of a 2k-dimensional manifold N . Let ∇ ∈ S(M,Ω) and let ∇¯ ∈ S(N,φ∗(Ω))
be the induced symplectic connection on N . If ∇ has constant symplectic sectional curvature then
(k + 1)φ∗(R)ij = (n+ 1)
(
R¯ij +Hij
)
,(6.11)
where Hij is defined in (6.9) and R¯ij is the Ricci curvature of ∇¯. In particular, if Hij vanishes
then the Ricci curvature of ∇¯ is (k + 1)/(n+ 1) times the pullback of the Ricci curvature of ∇.
Proof. By (3.5), that ∇ have constant symplectic sectional curvature means that
(n+ 1)RijABφk
Aφl
B = φ∗(Ω)i(kφ
∗(R)l)j − φ
∗(Ω)j(kφ
∗(R)l)i + 2φ
∗(Ω)ijφ
∗(R)kl.(6.12)
Substituting (6.12) in (6.7) yields
φ∗(Ω)i(kφ
∗(R)l)j − φ
∗(Ω)j(kφ
∗(R)l)i + 2φ
∗(Ω)ijφ
∗(R)kl
= (n+ 1)
(
R¯ijk
pφ∗(Ω)pl + 2Πk[i
AΠj]l
BΩAB
)
.
(6.13)
Contracting (6.13) with the bivector ωij inverse to φ∗(Ω)ij yields (6.11). 
By a symplectic affine space is meant a vector space equipped with a flat affine connection and
a parallel symplectic form.
Corollary 6.1. In particular, the Ricci curvature of the symplectic connection induced on a sym-
plectic submanifold of a symplectic affine space equals −Hij .
Even for two-dimensional submanifolds Corollary 6.1 does not immediately yield strong con-
clusions because conditions relating the properties of the Ricci tensor of an affine (or symplectic)
connection with the topology of the underlying manifold are not known. For instance, by Propo-
sition 4.1 of [12], a two-dimensional torus admits a projectively flat connection that preserves a
volume form and has negative definite Ricci tensor.
7. Nonpositive symplectic sectional curvature
Unlike the situation for Riemannian metrics, there are few results that relate the behavior of the
geodesics of a general affine connection to the properties of the curvature. The situation is no better
for symplectic connections. The difficulty is that most results about Jacobi fields along Riemannian
geodesics use heavily the arc length and its first and second variation, and similar quantities are
not immediately available in the affine or symplectic settings.
Lemma 7.1 shows that if a symplectic connection has nonpositive symplectic sectional curvature
then the kernel of the differential T expp(v) of the exponential map at p ∈ M in the direction
v ∈ TpM is contained in the symplectic orthogonal complement 〈v〉
⊥ ⊂ TpM of v. That such an
apparently weak conclusion requires such an apparently strong hypothesis illustrates the issues in
extending metric arguments to the symplectic setting.
Let (M,Ω) be a symplectic manifold. Next it is shown that ∇ ∈ S(M,Ω) has nonpositive
symplectic sectional curvature if and only if there holds the inequality
Ω(X,Y )Ω(R(X,Y )X,X) ≤ 0(7.1)
for all vector fields X and Y on M . By definition the symplectic sectional curvature is nonpositive
if and only if Ω(X,Y )−1Ω(R(X,Y )X,X) ≤ 0 whenever Ω(X,Y ) 6= 0. Multiplying both sides by
the nonnegative quantity Ω(X,Y )2 shows that the symplectic sectional curvature is nonpositive
if and only if there holds (7.1) whenever Ω(X,Y ) 6= 0. On the other hand, (7.1) is always true,
trivially, when Ω(X,Y ) = 0.
Given a symplectic manifold (M,Ω), let γ : I →M be a geodesic of ∇ ∈ S(M,Ω), where I ⊂ R
is an open interval. A Jacobi field J(t) along γ(I) is coisotropic if Ω(J(t), γ˙(t)) = 0 for all t ∈ I.
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Lemma 7.1. Let (M,Ω) be a symplectic manifold and let ∇ ∈ S(M,Ω) have nonpositive symplectic
sectional curvature. Let γ : I →M be a maximal geodesic where I ⊂ R is an open interval, and let
J(t) be a Jacobi field along γ(I). Then one of the following mutually exclusive possibilities occurs:
(1) Ω(J, γ˙) has at most one zero in I. In particular J has at most one zero on γ(I).
(2) Ω(J, γ˙) is identically zero on I.
In particular, if p, q ∈M are conjugate with respect to γ then any Jacobi field along γ(I) vanishing
at p and q is coisotropic.
Proof. That J be a Jacobi field means J¨ = R(γ˙, J)γ˙ where J˙ = ∇γ˙J and J¨ = ∇γ˙ J˙ . Hence
d2
dt2
(
1
2Ω(J, γ˙)
2
)
= ddt
(
Ω(J, γ˙)Ω(J˙ , γ˙)
)
= Ω(J˙ , γ˙)2 − Ω(γ˙, J)Ω(R(γ˙, J)γ˙, γ˙) ≥ Ω(J˙ , γ˙)2 ≥ 0,
(7.2)
where the first inequality follows from nonpositivity of the symplectic sectional curvature and (7.1).
Consequently, Ω(J, γ˙)2 is a nonnegative convex function, so if it vanishes at more than one point it
is identically zero. 
8. Indefinite symplectic sectional curvature
Lemma 8.1 gives an alternative characterization of the symplectic sectional curvature that will
be applied in Lemma 8.2.
Lemma 8.1. Let ∇ ∈ S(M,Ω). If Z ∈ Γ(TM), then for any p ∈ M and any symplectic subspace
L ∈ SGr(2, TpM) containing Zp there holds
Kp,L(Z)Ω(X,Y ) = d((∇ZZ)
g − LZ(Z
g))(X,Y ) + 2Ω(∇XZ,∇Y Z).(8.1)
where X and Y are any vector fields spanning L and Tg = Ω(T, · ) for any vector field T .
Proof. Let X and Y be vector fields on M . Then
∇i(∇XY )j = X
p∇i∇pYj +∇iX
p∇pYj = x
p∇p∇iYj +Rpij
qXpYq +∇iX
p∇pYj .(8.2)
Skew symmetrizing (8.2) yields
d((∇XY )
g)ij = 2∇[i(∇XY )j] = X
p∇p(dY
g)ij +RijpqX
pY q +∇iX
p∇pYj −∇jX
p∇pYi
= LX(dY
g)ij + 2∇[iX
p∇j]Yp +RijpqX
pY q.
(8.3)
where the last equality follows from the identity LXωij = X
p∇pωij + ωpj∇iX
p + ωip∇jX
p, valid
for any two-form ωij . Rearranging (8.3) and commuting the exterior and Lie derivatives yields
RijpqX
pY q = d((∇XY )
g − LX(Y
g))ij + 2Ωpq∇[iX
p∇j]Y
q.(8.4)
Taking X = Y = Z in (8.4) yields (8.1). 
Corollary 8.1. For ∇ ∈ S(M,Ω), if there is a symplectic vector field Z such that ∇ZZ = 0 then
for any p ∈ M for which Zp 6= 0, the symplectic sectional curvature of any symplectic subspace
L ∈ SGr(2, TpM) containing Zp is not definite.
Proof. That Z be symplectic is equivalent to LZ(Y
g) = (LZY )
g for any vector field Y . In particular
LZ(Z
g) = 0. If L contains Zp then X can be taken to be Z in (8.1), and the right-hand side of
(8.1) vanishes, so Kp,L(Z). 
A Lie group G equipped with a left-invariant symplectic form Ω is a symplectic Lie group. A
left-invariant torsion-free connection ∇¯ on a Lie group G is determined by a tensor Aij
k = Aji
k on
the Lie algebra g. If La is the left-invariant vector field generated by a ∈ g then ∇¯LaL
b = LA(a,b).
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Applying the construction (2.1) to the connection ∇¯ associated with A(a, b) = 12 [a, b] yields a left-
invariant symplectic connection ∇ on G for which the corresponding tensor has the form s(a)b
where s : g→ End(g) is given by
s(a) = 13 (ad(a) + ad(a)
∗).(8.5)
In (8.5) the transformation ad(a)∗ is the symplectic adjoint of ad(a) defined by
Ω(ad(a)∗b, c) = −Ω(a, ad(a)c).(8.6)
Using (8.6) it is straightforward to check that s(a)b − s(b)a = [a, b], so that the connection ∇
associated to (8.5) is torsion-free. Similarly, it can be checked directly that ∇ is symplectic. It
seems reasonable to call the connection ∇ determined by s the canonical symplectic connection of
the symplectic Lie group (G,Ω).
An element x ∈ g of a symplectic Lie algebra (g,Ω) is self-adjoint or anti-self-adjoint if ad(x)∗ =
ad(x) or ad(x)∗ = − ad(x). It follows from the definitions that the left-invariant vector field Lz
generated by z ∈ g is symplectic if and only if z is self-adjoint.
Lemma 8.2. For the canonical symplectic connection of a connected symplectic Lie group (G,Ω),
the symplectic sectional curvature of a symplectic subspace of g containing a self-adjoint element is
not definite.
Proof. For self-adjoint z ∈ g, Lz is symplectic and s(z)z = 0, so this follows from Corollary 8.1. 
Let (G,Ω) be a symplectic Lie group with lie algebra g. Let ℓ ∈ g be the element defined by
Ω(ℓ, x) = tr ad(x) for all x ∈ g. By definition ℓ is zero if and only if g is unimodular. Writing
Ω for the nondegenerate two-form on g generating the given left-invariant two-form Ω. By the
left-invariance there holds
Ω([ℓ, x], y) + Ω(x, [ℓ, y]) = Ω(ℓ, [x, y]) = tr ad([x, y]) = tr[ad(x), ad(y)] = 0.(8.7)
The identity (8.7) shows that ad(ℓ)∗ = ad(ℓ) so ℓ is self-adjoint. Lemma 8.2 implies:
Corollary 8.2. On a connected symplectic Lie group (G,Ω) that is not unimodular, the symplectic
sectional curvature of the canonical symplectic connection of a symplectic subspace of g containing
the element ℓ is not definite.
Although the proof is not given here, it can be proved that the canonical symplectic connection
of a nilpotent symplectic Lie group is Ricci flat. However, as will be apparent from the examples
that follow, if the symplectic Lie group is not nilpotent, the Ricci tensor of the canonical connection
need not be flat.
Example 8.1. Consider the Lie algebra g = aff(1,C) of affine transformations of the complex line.
With respect to the basis e1 = (1, 0), e2 = (i, 0), e3 = (0, 1), and e4 = (0, i), the Lie bracket is
[x, y] = (x1y3 − x3y1 − x2y4 + x4y2)e3 + (x1y4 − x4y1 + x2y3 − x3y2)e4.(8.8)
The commutator is [g, g] = span{e3, e4}, which is abelian, but stable under the adjoint action,
showing that g is solvable but not nilpotent. Let {e1, e2, e3, e4} be the dual coframe. Straightforward
computation using (8.8) shows that, for x = xie
i ∈ g∗, d(xie
i) = (x3e
3+x4e
4)∧e1+(x4e
3−x3e
4)∧e2.
Since dx ∧ dx = 2(x23 + x
2
4)e
1 ∧ e2 ∧ e3 ∧ e4, the closed two-form d(xie
i) is symplectic if and only if
x23 + x
2
4 6= 0. Choose Ω = −de
4 = e1 ∧ e4 + e2 ∧ e3. Straightforward computations show
ad(x)∗y = (x2y2 − x1y1)e1 − (x1y2 + x2y1)e2 + (x4y2 − x3y1)e3 − (x4y1 + x3y2)e4.(8.9)
Combining (8.8) and (8.9) yields
3 s(x)y = (x2y2 − x1y1)e1 − (x1y2 + x2y1)e2
+ (x1y3 − 2x3y1 − x2y4 + 2x4y2)e3 + (x1y4 − 2x4y1 + x2y3 − 2x3y2)e4.
(8.10)
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Since tr ad(x) = 2x1, g is not unimodular and ℓ = −2e4. Calculations shows that [s(x), s(y)] =
2
3 s([x, y]) so that R(x, y) = [s(x), s(y)]− s([x, y]) = −
1
3 s([x, y]) = −
1
2 [s(x), s(y)]. From this and the
symplectic self-adjointness of s(x) there follows
2Ω(R(x, y)u, v) = −Ω(s(x)u, s(y)v) + Ω(s(y)u, s(x)v).(8.11)
Since s(x)ℓ is in the isotropic subspace span{e3, e4}, it follows from (8.11) that Ω(R(x, y)ℓ, ℓ) = 0
for all x, y ∈ g. In particular, the symplectic sectional curvature of any symplectic subspace of g
containing ℓ is not definite. This conclusion also follows from Corollary 8.2. In fact, in this case the
symplectic sectional curvature of any symplectic subspace containing ℓ is degenerate but generally
nonzero. This follows from
Ω(R(x, ℓ)u, u) = 49 (−x1u
2
1 + x1u
2
2 + 2x2u1u2).(8.12)
Note that Ω(x, ℓ) 6= 0 if and only if x1 6= 0. If u = ax+ bℓ then
Ω(R(x, ℓ), u, u) = 49a
2x1(3x
2
2 − x
2
1),(8.13)
and Ω(x, ℓ) = −2x1, so that, for L = span{x, ℓ},
KL(u) =
2
9 (u
2
1 − 3u
2
2),(8.14)
for u ∈ L. This is nonzero as long as u21 6= 3u
2
2. Further calculations show 9Ric(x, y) = 4(x2y2 −
x1y1). Since the Ricci endomorphism A ∈ End(g) defined by Ω(Ax, y) = Ric(x, y) is given by
9A = 4(e1 ⊗ e4 − e
2 ⊗ e3) it satisfies A ◦A = 0, so is two-step nilpotent. Since
9Ric(s(x)y, z) = 4(−x1y1z1 + x2y2z1 + x2y1z2 + x1y2z2),(8.15)
and (∇Ric)(x, y, z) = −Ric(s(x)y, z)− Ric(y, s(x)z), there holds
9xiyjzk∇(iRjk) = 8(x1y1z1 − x2y2z1 − x2y1z2 − x1y2z2),(8.16)
showing that ∇(iRjk) is not zero, so that the canonical connection ∇ is not preferred. Consequently,
by (3.8), ∇ is not Weyl flat.
Example 8.2. Here is given an example of a 4-dimensional solvable symplectic Lie algebra that
is neither unimodular nor exact. This Lie algebra comes from [17] (see Propositions 2.2 and 2.4),
where it is labeled as r4,0. With respect to the basis {e1, e2, e3, e4} and dual coframe {e
i} the Lie
bracket is
[x, y] = (x4y1 − x1y4)e1 + (x4y3 − x3y4)e2.(8.17)
Let {ei} be the coframe dual to {ei}. Since tr ad(x) = x4, g is not unimodular. Since d(xie
i) =
(x1e
1 + x2e
3) ∧ e4 satisfies e4 ∧ d(xie
i) = 0, the nondegenerate two-form Ω = e1 ∧ e4 + e2 ∧ e3 is
closed but not exact. Since g is four-dimensional it must be solvable by a theorem of Chu in [9].
This also can be checked directly, for the commutator subalgebra [g, g] = span{e1, e2} is abelian
but stable under the adjoint action of g. This also shows that g is not nilpotent. As
ad(x)∗y = −(x3y3 + x1y4)e1 + x4y3e2 − x4y4e4,(8.18)
the canonical connection on g is given by
3 s(x)y = (x4y1 − 2x1y4 − x3y3)e1 + (2x4y3 − x3y4)e2 − x4y4e4.(8.19)
It can be checked that the curvature tensor Rijkl is represented by
1
9 (e
3 ∧ e4)⊗ (e3 ⊗ e4 + e4 ⊗ e3)− 29 (e
1 ∧ e4)⊗ e4 ⊗ e4.(8.20)
The element ℓ is ℓ = e1. The subspace L = span{x, ℓ} is symplectic if and only if x4 6= 0. By (8.20),
the symplectic sectional curvature of such L is
KL(u) = −
2
9u
2
4.(8.21)
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It follows that the symplectic sectional curvature of any symplectic subspace containing ℓ is de-
generate. Since u is in the span of x and ℓ = e1 and x4 6= 0, u4 is not zero as long as u is not
proportional to ℓ. Hence, in this case, the symplectic sectional curvature of a symplectic subspace
containing ℓ, while degenerate, is never zero.
Using 2Rij = Rp
p
ij and computing Ric(x, y) = Ω(R(e1, x)y, e4) + Ω(R(e2, x)y, e3) yields that
the Ricci tensor of the canonical connection ∇ is 9Ric = −2e4 ⊗ e4. (Alternatively, it can be
proved that the Ricci curvature of the canonical connection of a solvable symplectic Lie group is
given by 9Ric(x, y) = tr ad(ad(x)∗y)−B(x, y), where B is the Killing form; here B(x, y) = x4y4 =
− tr ad(ad(x)∗y).) In particular, ∇ is not Ricci flat. The connection ∇ is not preferred, for
(∇Ric)(x, y, z) = −Ric(s(x)y, z)− Ric(y, s(x)z) = −(4/27)x4y4z4.(8.22)
Since the complete symmetrization of ∇Ric does not vanish, ∇ is not preferred. Consequently, by
(3.8), ∇ is not Weyl flat.
References
1. F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Deformation theory and quantization. I.
Deformations of symplectic structures, Ann. Physics 111 (1978), no. 1, 61–110.
2. P. Bieliavsky, Symplectic symmetric spaces, arXiv:math/0703358, 2007.
3. P. Bieliavsky, M. Cahen, and S. Gutt, Symmetric symplectic manifolds and deformation quantization, Modern
group theoretical methods in physics (Paris, 1995), Math. Phys. Stud., vol. 18, Kluwer Acad. Publ., Dordrecht,
1995, pp. 63–73.
4. P. Bieliavsky, M. Cahen, S. Gutt, J. Rawnsley, and L. Schwachhöfer, Symplectic connections, Int. J. Geom.
Methods Mod. Phys. 3 (2006), no. 3, 375–420.
5. M. Bocheński and A. Tralle, Generalized symplectic symmetric spaces, Geom. Dedicata 171 (2014), 329–343.
6. F. Bourgeois and M. Cahen, A variational principle for symplectic connections, J. Geom. Phys. 30 (1999), no. 3,
233–265.
7. M. Cahen, S. Gutt, J. Horowitz, and J. Rawnsley, Homogeneous symplectic manifolds with Ricci-type curvature,
J. Geom. Phys. 38 (2001), no. 2, 140–151.
8. M. Cahen, S. Gutt, and J. Rawnsley, Symmetric symplectic spaces with Ricci-type curvature, Conférence Moshé
Flato 1999, Vol. II (Dijon), Math. Phys. Stud., vol. 22, Kluwer Acad. Publ., Dordrecht, 2000, pp. 81–91.
9. B. Y. Chu, Symplectic homogeneous spaces, Trans. Amer. Math. Soc. 197 (1974), 145–159.
10. B. Fedosov, Deformation quantization and index theory, Mathematical Topics, vol. 9, Akademie Verlag, Berlin,
1996.
11. I. M. Gelfand, V. Retakh, and M. Shubin, Fedosov manifolds, Adv. Math. 136 (1998), no. 1, 104–140.
12. O. Kobayashi, Ricci curvature of affine connections, Tohoku Math. J. (2) 60 (2008), no. 3, 357–364.
13. S. Kobayashi and K. Nomizu, Foundations of differential geometry. Vol. II, Interscience Tracts in Pure and
Applied Mathematics, No. 15 Vol. II, Interscience Publishers John Wiley & Sons, Inc., New York-London-Sydney,
1969.
14. A. Lichnerowicz, Propagateurs et commutateurs en relativité générale, Inst. Hautes Études Sci. Publ. Math.
(1961), no. 10, 56.
15. , Déformations d’algèbres associées à une variété symplectique (les ∗ν -produits), Ann. Inst. Fourier
(Grenoble) 32 (1982), no. 1, xi–xii, 157–209.
16. B. O’Neill, Semi-Riemannian geometry, Pure and Applied Mathematics, vol. 103, Academic Press, Inc., New
York, 1983.
17. G. Ovando, Four dimensional symplectic Lie algebras, Beiträge Algebra Geom. 47 (2006), no. 2, 419–434.
18. R. Penrose and W. Rindler, Spinors and space-time: Vol. 1, Two-spinor calculus and relativistic fields, Cam-
bridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, 1984.
19. I. Vaisman, Symplectic curvature tensors, Monatsh. Math. 100 (1985), no. 4, 299–327.
20. R. M. Wald, General relativity, University of Chicago Press, Chicago, IL, 1984.
Departamento de Matemáticas del Área Industrial, Escuela Técnica Superior de Ingeniería y
Diseño Industrial, Universidad Politécnica de Madrid, Ronda de Valencia 3, 28012 Madrid España
E-mail address: daniel.fox@upm.es
